We propose a quantum uncertainty relation for arbitrary quantum states in terms of Lipschitz constants of the corresponding position and momentum probability distributions. The Lipschitz constant of a function may be considered to quantify the extent of fluctuations of that function, and is in general independent of its spread. We find that the product of the Lipschitz constants of position and momentum probability distributions is bounded below by a number that is of the order of the inverse square of the Planck's constant.
I. INTRODUCTION
Uncertainty relations are considered to be among the pillars of quantum mechanics, both in terms of understanding and utility of the latter [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . And so, while they are useful in finding the border between classical and quantum worlds, they are also effective to provide security in quantum cryptography [21] [22] [23] . One of the most well-known among these relations is the Heisenberg uncertainty relation [1, 2] between position and momentum distributions of an arbitrary quantum state. In its usual form, it is conveyed as a constraint on the product of spreads, quantified by standard deviations, of the position and momentum probability distributions of an arbitrary quantum system, say, moving on a line. As a consequence, if the profile of the position probability distribution of a quantum system is very sharp (i.e., of low spread), the momentum distribution is very broad (i.e., of high spread), and vice-versa. This is in sharp contrast to the case of a classical point particle, which can have very well-defined values of both position and momentum.
We address here a complementary question: What if the position probability distribution of a quantum system moving on a line is devoid of any features (fluctuations), i.e., it is flat (uniform distribution)? As can be easily seen, the corresponding momentum probability distribution, obtained through the Fourier transform [24] , has a single large spike (similar to a Dirac delta function [25, 26] ). It therefore appears that the fluctuations of position and momentum distributions satisfy an uncertainty relation. We quantify the fluctuation of a probability distribution by the square root of its Lipschitz constant [27] [28] [29] [30] [31] , assuming that the same exists. Uniform (probability) distribution on an infinite line and the Dirac delta function are not mathematically well-defined. However, approximating them by Gaussian probability distributions, we find that the product of the fluctuations for position and momentum distributions equals (1/ ) 2/eπ, which we claim to be a lower bound of the product, for arbitrary quantum states. We find by examining several examples, including the excited states of the quantum one-dimensional simple harmonic oscillator, and quantum states corresponding to Cauchy-Lorentz and Student's t as position distributions, that this lower bound is not violated. The classical limit of the uncertainty in terms of the Lipschitz constants is quite unlike the same of the Heisenberg uncertainty in terms of spreads. In particular, here, the classical case falls within the quantum mechanically accessible region.
In Section II, we provide a brief recapitulation of Lipschitz continuous functions, and the corresponding Lipschitz constants. In Section III, we recount a method of evaluating the Lipschitz constant for differentiable functions. The case of eigenstates of the simple harmonic oscillator is considered in Section V, which also contains a discussion on the classical limit of the proposed uncertainty relation. In Section VI, we consider quantum systems on the line, for which the position distributions are Cauchy-Lorentz or Student's t-distributions. A conclusion is presented in Section VII.
II. LIPSCHITZ CONTINUITY AND LIPSCHITZ CONSTANT
Let f : D → C be a mapping from a domain D (⊆ R n ) into the set of complex numbers C. f is said to be Lipschitz continuous if there exists a positive real constant η such that
where the modulus on the right-hand-side of (1) only a small change of x. Along with cases for bounded domains, we will also be interested in cases where D is unbounded. In particular, for quantum systems moving in one dimension, we will be interested in functions f : [x 1 , x 2 ] → C as well as functions f : R → C.
III. THE METHODOLOGY
We begin here by briefly recapitulating a procedure to find the Lipschitz constant for any differentiable function f (x). For this purpose, we consider the mean value theorem [31] , which states that if f (x) is defined and continuous in the closed interval [x 1 , x 2 ] and differentiable in the open interval (x 1 , x 2 ), then there is at least one number z in (x 1 , x 2 ) such that
The supremum of |f (z)| in (x 1 , x 2 ) will be the Lipschitz constant for that function in [x 1 , x 2 ]. Note however that this method is certainly not the only method for evaluating the LC. In particular, this will not work in those cases where the function is Lipschitz continuous but not differentiable, in the relevant domain. While the considerations can be readily generalized to higher dimensions, we will mostly be considering onedimensional systems. Consider, therefore, a quantum system moving along the x-axis, and described by the quantum wave function ψ(x) in co-ordinate representation, with the position probability distribution given by f (x) = |ψ(x)| 2 . Let the LC for f be denoted by η x . The momentum representation of the same quantum system is obtained by the Fourier transformation of ψ(x):
The momentum probability distribution is then given by g(p) = |φ(p)| 2 , and let us denote the LC for g as η p . We want to focus on the characteristics of the products of Lipschitz constants of position and momentum probability distributions for arbitrary quantum states. In particular, we want to study the quantitỹ
IV. EVIDENCE OF A LOWER BOUND
For any position probability distribution f (x), if the Lipschitz constant is zero, then |f (x 1 )−f (x 2 )| = 0 for all x 1 , x 2 , lying in the relevant domain, which implies that f is a constant, say, f (x) = c 2 , with c being real. This function is not normalizable, and hence cannot be a probability distribution in the strict sense. But, as is usual, we will interpret it as the relative density of the number of particles, e.g. in a scattering experiment. The corresponding momentum probability distribution is a Dirac delta function in momentum space. A Dirac delta function δ(ξ − ξ 0 ), as a funciton of ξ, is unbounded at ξ = ξ 0 and vanishes elsewhere, so that its LC diverges. In a similar way, a vanishing η p implies a diverging η x . Therefore, the Lipschitz constants of position and momentum probability distributions of a single quantum system cannot vanish simultaneously. This provides evidence for a nonzero lower bound forη xηp . We will get back to this point in Sec. V A, and in Sec. VI.
V. EIGENSTATES OF THE SIMPLE HARMONIC OSCILLATOR
We begin with a paradigmatic quantum system, viz. the one-dimensional simple harmonic oscillator (SHO). Below we discuss the behavior of the products of LCs of position and momentum distributions corresponding to energy eigenstates of the SHO. The Gaussian probability distribution, given by
where µ and σ are respectively the mean and standard deviation of the distribution, will be of relevance here.
A. Ground state of SHO
Let us first consider the ground state of a quantum simple harmonic oscillator of mass m. It is well-known that the position probability distribution of the ground state of the SHO is a Gaussian distribution and is given by f 0 (x) = f g (x : 0, 1 2α ), where α = mω , with ω being the natural oscillator frequency, and the potential is chosen to be centered at the origin. Now, to find the LC in position space, we need to calculate the maximum value of the derivative of f 0 (x), and we obtain
The Fourier tranformation of a Gaussian distribution is also a Gaussian distribution, and the corresponding momentum probability distribution function for the ground state of SHO is g 0 (p) = f g (p : 0,
2 ). By approaching in a similar way as stated above, we find the LC of the momentum probability distribution to be
Therefore, for the ground state of SHO, the product of fluctuations for position and momentum distributions is given byη
Note that the uncertainty product of fluctuations of position and momentum is of the order of 1 , whereas in the traditional uncertainty relation, the uncertainty product in terms of spreads of the position and momentum distributions for arbitrary quantum states is of the order of , or higher. Let us now consider the case when α → 0. In this limit, f 0 (x) tends to a constant function and as mentioned earlier in Sec. IV and as seen from Eq. (6), the value of η x converges, linearly, to zero with α. The corresponding momentum probability distribution can be considered to tend to the Dirac delta function, and has its LC diverging as 1 α . Therfore, the quantityη xηp does not depend on the value of α, even when α → 0. Therefore, if we approximate the constant and Dirac delta functions respectively by sequences of Gaussian distributions, f g (x : 0,
and f g (x : 0, 1 2αn ), with α n → 0 as n → ∞, then the evidence of a non-zero lower bound onη xηp , for arbitrary quantum states, alluded to in Sec. IV, turns into a proof.
B. Excited states of SHO
In this subsection, we want to investigate the behavior of the uncertainty product of LCs of position and momentum distributions, when the SHO is in its higher excitation levels. The wave functions in coordinate representation, corresponding to the excited states of the one-dimensional SHO, are given by
Here, the function H n is the Hermite polynomial of n th order, and can be expressed as
The corresponding probability distribution in the position space is f n (x) = |ψ n (x)| 2 . Note that the probability distributions corresponding to the energy eigenstates of the SHO in position as well as in momentum spaces are differentiable in the entire spaces. Now let us consider the first excited state of the SHO, which is obtained by setting n = 1. Then, the LC of the position probability distribution is obtained by maximizing the derivative of f 1 (x), so that η x ≈ 0.6626 α. Similarly, using momentum representation, we find that the LC of the momentum probability distribution corresponding to the first excited state of the SHO is η p ≈ 0.6626/α 2 . Therefore the corresponding uncertainty product of the fluctuations for position and momentum distributions is given bỹ
which, just like for the ground state, is also of the order of 1 , but of a higher value.
In a similar fashion, we can find the uncertainty products for LCs of SHOs with n = 2, 3, . . .. We have performed the calculations to investigate the feature of the quantityη xηp upto the 60 th excited level. Fig. 1 shows that among the energy eigenstates of SHO, the uncertainty product attains its lowest value for the ground state, and that after a few levels, the product has a value that is close to 0.63/ . Therefore, for the quantum systems considered until now, we haveη
We will consider further examples below, for which the inequality is also not violated. It is in order here to present a few words about the classical limit of this inequality. Traditionally, it has been argued that the Heisenberg uncertainty limit and other relations in quantum mechanics converge to their classical cousins in the limit of → 0. This approach however has several difficulties, as mentioned, for example, in [32] [33] [34] [35] . In spite of these difficulties, one usually claims that the quantum mechanically allowed region for the uncertainty product of spreads for position and momentum, stretches from a factor of the Planck's constant till the positive infinity, while the classical case (for pure states) is situated at zero. The classical case in this scenario is a product of two Dirac deltas in position and momentum. There is a region, on the axis of the uncertainty product of spreads, near zero, that is forbidden to all quantum states, so that there is a gap between the quantum mechanically accessible region and the accessible point for the classical case. The uncertainty product of fluctuations, again has a quantum mechanically forbidden region adjoining zero. However, the length of the quantum mechanically forbidden region, on the axis of the uncertainty product of fluctuations, is of the order of the inverse of the Planck's constant. Moreover, the classical case is at one end of the quantum mechanically accessible region, instead of being in the quantum mechanically forbidden region. This is akin to the case where we have an ensemble of two non-orthogonal pure quantum states, with the ensemble being a function of the angle between the two state vectors. The limit of an ensemble of two orthogonal states -the classical caseis situated at one end but within the quantum mechanically accessible region, on the axis of the angle betwen the two vectors.
VI. OTHER PROBABILITY DISTRIBUTIONS
In this section, we consider quantum systems whose position distributions follow the Cauchy-Lorentz or the Student's t-distribution, to investigate the behavior of the quantityη xηp .
Cauchy-Lorentz distribution
The Cauchy-Lorentz distribution, introduced by M. G. Agnesi, S. D. Poisson, A.-L. Cauchy, H. A. Lorentz, and others, is a continuous probability distribution function, given by (13) where γ > 0 and x 0 are distribution parameters. This corresponds to the position probability distribution of the state ψ c (x) = (f c (x : x 0 , γ)) 1 2 , x ∈ (−∞, ∞), of a quantum system moving on the x-axis. See Fig. 2 .
Since the function f c (x) is differentiable, one can calculate the Lipschitz constant in position space by maximizing the derivative of f c (x). We thereby obtain
Now, in momentum representation, the wave function φ c (p) corresponding to ψ c (x) is given by
So, the corresponding momentum probability distribution is g c (p) = |φ c (p)| 2 . Fig. 3 suggests that the Lipschitz constant for g c (p), denoted by η p , diverges, irre- spective of the values of x 0 and γ. Moreover, the following argument will help us to understand this divergence more precisely. Consider the domain R , where
, being small positive number. We have numerically estimated the value of the LC for the function g c (p) in the domain R , for different values of . The profile of the LC for g c (p) on R against 1/ , as depicted in Fig. 4 , clearly indicates that η p diverges linearly with 1/ . Therefore, we can say thatη xηp diverges for the quantum system corresponding to which the position distribution is Cauchy-Lorentz.
We therefore find that theη xηp → ∞ point is shared by classical scenario as well as systems represented by quantum states. We have already mentioned thatη xηp → ∞ for the classical case, viz. the product of two Dirac deltas in position and momentum. Here, we found that for the quantum state corresponding to which the position distribution is Cauchy-Lorentz, the uncertainty productη xηp diverges. A similar feature will be seen for the case of the quantum system whose position distribution is the Student's t for two degrees of freedom.
The Cauchy-Lorentz distribution can be considered to be a constant function in the limit γ → ∞. In this limit, η x converges to zero as 1/γ 2 . The momentum distribution has a diverging LC for all γ, including when γ → ∞. This provides further evidence for a non-trivial lower bound ofη xηp , for all quantum states.
Student's t-distribution
Let us now consider the Student's t-distribution due to F. R. Helmert, J. Lüroth,"Student", and others, for which the probability distribution function is given by
Here n is a distribution parameter, referred to as the number of degrees of freedom. A graphical representation for f s (x : n) is given in Fig. 5 . 
for A/L n = 1 and a/L = 1. Both axes represent dimensionless quantities. As before, L is a constant having the unit of length.
It is interesting to start our discussion with two degrees of freedom, i.e., n = 2. Note that for Student's t-distribution with n = 2, the mean exists but the standard deviation does not.
Consider now a quantum system moving on the x-axis, and having the position distribution as f s (x : 2). Since the function f s (x : 2) is differentiable, the Lipschitz constant of the position distribution can be evaluated from the derivative of the distribution, and is given by
In the momentum representation, by performing the Fourier transformation of ψ s (x : 2) = (f s (x : 2)) 1/2 , the momentum wave function is given by
where K ν (z), ν ∈ R is the modified Bessel function of the second kind. The probability distribution in momentum space is g s (p : 2) = |φ s (p : 2)| 2 , as depicted in Fig. 6 , which suggests that the corresponding LC diverges. The following argument makes this statement more precise. Consider the function g s (p : 2) in the domain R , as defined during our analysis of the Cauchy-Lorentz distribution. We find the LC for this function for varying values of . This is depicted in Fig. 7 , which clearly indicates a diverging LC for → 0. Consequently, the quantityη xηp diverges to infinity for ψ s (x : 2). The scenario changes for n > 2. Indeed, for n > 2, the momentum distribution provides a finite LC. It may be noted that the Student's t distribution has finite variance for n > 2, while the n = 2 case does not provide a finite variance. It is known that for n → ∞, the Student's tdistribution approaches to the Gaussian distribution, i.e., towards the ground state of simple harmonic oscillator. So it is expected that corresponding to the Student's tdistribution for n → ∞, the quantityη xηp will give the same value as that of the Gaussian distribution, as given in Eq. (8) . Fig. 8 shows that the uncertainty product in terms of the LCs of position and momentum distri- butions, corresponding to the Student's t-distribution in position, for increasing degrees of freedom, n, converges to a limiting value of ≈ 0.48/ , just as for the Gaussian case.
VII. CONCLUSION
The position and momentum probability distributions of arbitrary quantum states are constrained by the Heisenberg uncertainty relation. In particular, their spreads cannot both be arbitrarily small. We proposed an independent restriction of the same distributions for arbitrary quantum states. We found that their Lipschitz constants cannot both be arbitrarily small. The lowest value of the product of the square roots of the Lipschitz constants was found to be attained, among the quantum states considered, for Gaussian distributions in position, and equals (1/ ) 2/eπ. Other quantum states that were considered in the analysis include the excited states of the quantum simple harmonic oscillator, and quantum states corresponding to which the position distribution is Cauchy-Lorentz or Student's t distributions.
